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Abstract-The influence of modification of boundary conditions at both ends of the structures
regarding interactive buckling on the postbuckling behaviour of thin-walled elastic columns with
imperfections is studied. The investigation concerns thin-walled closed and open cross-section
columns under axial compression, The columns are assumed to be simply supported at the ends.
The asymptotic expansion established by Byskov and Hutchinson is employed in the numerical
calculations in the form of the transition matrix method. The aim of the paper is to improve the
study of the equilibrium path in the postbuckling behaviour of imperfect structures regarding the
second order approximation.

NOMENCLATURE

aijh bijkJ three and four-index coefficients in the nonlinear equilibrium equations of eqn (17)
(Byskov and Hutchinson, 1977)

bi width of the ith wall of the column
Dj plate rigidity of the ith wall
E Young's modulus
hi thickness of the ith wall of the column

In""n eqn (18)
In,,,,n eqn (18)

I length of the column
m number of axial half-waves of nth mode

Mix, M,V'Mixy bending moment resultants for the ith wall
n number of mode
N number of interacting modes

Nix' NiY' N",y in-plane stress resultants for the ith wall
NY;'}, N);"} ,Nf':'/ in-plane stress resultants for the ith wall in the second approximation

Q& eqn (5)
Ui , v" Wi displacement components of middle surface of the ith wall

u?, v?, w? prebuckling displacement fields
uin

}, vin
), win} buckling displacement fields

ui""}, vinn}, wi""} second order buckling displacement fields
A measure of the applied pressure
A scalar load parameter

An value of Aat bifurcation mode number n
A, maximum value of Afor imperfect column
~n amplitude buckling mode number n
~n imperfection amplitude corresponding to ~n

er:= ern lO31E dimensionless stress of mode number n
er~ min (iTT, er!, ern
er: limit dimensionless stress for imperfect column (load carrying capacity).

l. INTRODUCTION

Thin-walled elements are widely used as structural components in many types of metal
structures in which interaction buckling of elastic columns may result in an imperfection
sensitive structure and is the principal cause of collapse of thin-walled structures.

Contemporary load-bearing structures designed with the application of optimization
methods contain a number of components subject to compression; the properties of such
components are similar to those of ideal systems.
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The concept of interactive buckling involves the general asymptotic theory of stabili ty.
Among all versions of the general nonlinear theory, the Koiter theory (Koiter, 1976) of
conservative systems is most popular owing to its general character and development, even
more so after Byskov and Hutchinson (1977) formulated it in a convenient way, The theory
is based on asymptotic expansions of the postbuckling path and is capable of considering
simultaneous or nearly simultaneous buckling modes. The expression for potential energy
of the system expands in a series relative to the amplitudes of linear modes near the point
of bifurcation; the latter generally corresponds to the minimum value of bifurcation loads.

For the first order approximation Koiter and van del' Neut (1980) have proposed a
technique in which the interaction of an overall mode with two local modes having the same
wavelength has been considered. The fundamental mode is henceforth, called "primary" and
the nontrivial higher mode (having the same wavelength as the "primary") corresponding
to the mode triggered by overalliongwave mode is called "secondary".

In the energy expression for the first order approximation the coefficients of the cubic
terms ~ 1~L ~ 1~j and ~ 1~ 2~ 3 (where the index is 1 for the global mode, 2 for the primary
local buckling mode and 3 for the secondary local mode) are the key terms governing the
interaction. In the case of disregarding the interaction between the overall mode and the
primary local mode and the secondary local mode, the coefficient of the ~ 1:; 2~' term in the
energy expression vanishes. In the analysis of a column with doubly symmetric cross
sections the coefficients of the ~ I ~~ and ~ 1d terms-~·the coefficients a,ii of the nonlinear
system (17)·- vanish.

If the analysis is restricted to the first approximation in solving the stability problem
of the thin-walled structures the imperfection sensitivity can only be obtained. A deter·
mination of the postbuckling equilibrium path requires the second order approximation to
be taken into account.

The structures where local buckling precedes the global one, ;'1 » (<Tj » O'!) are
widely used. It is well known that structures with )'1 » }'2 can carry a load higher than that
referring to the bifurcation value oflocal buckling. The behaviour of such structures cannot
always be analysed in terms of the first nonlinear approximation where the limit load is
always lower than the minimum value of the bifurcational load in the linear analysis.
Therefore it is necessary to consider the second order approximation, that is the fourth
order components in the potential energy (coefficients of the terms ~?(f) In general. the
stability analysis with regard to the second nonlinear approximation requires the solution
of boundary value problems: for second order local, global and mixed modes [associated
with the coefficients of the terms ~~, ~( and ~ia (where i> 1) in the energy expression,
respectively]. However, in the case when ;'1» )'2, the most significant arc local second order
modes. The second order global mode for Euler's model of the column is zero and in the
case of an exact solution it is of little importance. The omission of the second order mixed
mode involving the coefficients of the ~i~? (i> 1) and a~l (i, j > I and i # j) terms in the
expression for potential energy is possible owing to the fact that the coefficients of the cubic
terms ~1~~' ~l~~ and ~1~2~3 have already been included in the analysis. The admissibility
of neglecting the mixed mode was shown by Koiter (1976), and Sridharan and Peng (1989).

The consideration of the coefficients of the terms ~I~~' ~1~~ and (1~2~' in the first
nonlinea~ approximation involves taking into account the interaction between the global
and two most dangerous local buckling modes having the same wavelength. This local
secondary buckling mode is analogous to the mixed one; thus its consideration in the first
approximation allows one to neglect the second order mixed modes (Koitcr and van del'
Neut, 1980; Kolakowski, 1989a; Manevich, 1988; Pignataro and Luongo, 1987: Krolak,
1990; Sridharan and Ali, 1986; Sridharan and Peng, 1989).

In the present paper, which is a continuation of the paper by Kolakowski (1993) the
analysis of the influence of modification of the boundary condition referring to the free
support of the structure at both ends of the load carrying capacity is considered.

The analysis of the second nonlinear approximation considering only local second order
modes (i.e. primary and secondary modes) was undertaken. The orthogonality condition for
the first order and the local second order modes implies that it may be useful to change the
amplitude of only three harmonics considered for each local second order mode. The
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easiness of meeting the condition of orthogonality is one of the main reasons for choosing
the method for solving the second order approximation in the form of series.

The equations for local modes in the second approximation depend not only on
respective first order local modes, but, regarding the orthogonality conditions, also on the
considered three first order modes. Therefore, none of the local second order modes obtained
allowing for interactive buckling is identical with the mode obtained according to the theory
of single-mode buckling (an uncoupled buckling), where the condition of orthogonality in
relation to the global mode is not binding.

A more comprehensive review of the literature can be found in Kolakowski (l987a,
I989a, b, c), Manevich (1985, 1988), Moellmann and Goltermann (1989), Pignataro et al.
(1985), Krolak (1990) and Sridharan and Ali (1985, 1986).

In the present paper the post-buckling behaviour of thin-walled structures in the elastic
range under uniform compression is examined on the basis of Byskov and Hutchinson's
method, with cooperation between all the walls of the structures being taken into account.
The study is based on the numerical method of the transition matrix by Unger (1969),
Kloppel and Bilstein (1971) and Bilstein (1974).

The most important advantage of this method is that it enables one to describe a
complete range of behaviour of the thin-walled structures from global to local stability. In
the solution obtained, the effects ofinteraction ofcertain modes having the same wavelength,
the shear lag phenomenon and also the effect of cross-sectional distortions are included.

2. STRUCTURAL PROBLEM

The long thin-walled prismatic columns of length I, composed of plane, rectangular
plate segments interconnected along longitudinal edges are considered.

The cross-section of this structure composed by several plates as well as the local
Cartesian coordinate system are presented in Fig. I.

The membrane strains of the ith wall are expressed by formulae:

I'-;x = ul,x+0.5(w?x+v?x),

I'-;y = V;.y +0.5(w;:,. +U?}.) ,

21'-;xy = Y;xy = u;.y +VI•X +W I•X Wi,y,

Fig. I. Prismatic plate structure and the local coordinate system.

(I)
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while the bending strains are given by:

(2)

The differential equilibrium equations resulting from the virtual work expression for
a single wall can be formulated as follows:

The geometrical and statical continuity conditions at the junctions of plates may be
written in the form:

UU+ III = ui !+,

w(i+I)1 =w;l+cos<p-v,I'sm<p,

VU+ III = wil+ sin <p+v,l+ cos (P,

WU4-11.,.1 = 11\"IT,

M U+ 11II -M;,.I+ = 0,

N(i+ Ilrl- -N;,.I+ cos <p-Q~,I+ sin <p = 0,

Q 0+ 1)11 +Ni ,.! + sin <p - Q tl + cos <p = 0,

where Q~. is an equivalent Kirchhoff's transverse force

<P == <Pi.i+ I'

(4)

(5)

The omission of the displacements of the fundamental state implies that we ignore the
difference between configuration of the undeformed state and the fundamental state, and
we may consequently regard the previously defined displacements u?, v? as additional ones
from the fundamental state to the adjacent state.

The prebuckling solution consists of homogeneous fields which are assumed as:

U? = IJ.(lj2-xJ,

v? = vyiIJ.,

w? = o. (6)

In the paper by Kolakowski (1993) the boundary conditions referring to the free
support of the structure at both ends were assumed to be:

N;x(xi = 0, Yi) = N;x(x; = I, yJ = N?, = - EhiIJ.,

v;(x; = 0, yJ = v;(x; = I, Y;) = 0,

W;(x; = 0, Yi) = w;(x, = I, y;) = 0,

Wi.xX<Xi = 0, Y;) = Wi.xX<X; = I, y;) = 0. (7a)



Load carrying capacity in thin-walled columns

Such an analysis will be henceforth referred to as Analysis I.
In the present paper the boundary conditions at the ends are modified to be:

Vi(Xi = 0, y;) = Vi(Xi = I, y;) 0,

Wi(Xi = O,Yi) = Wi(Xi = I, y;) 0,

wi.xAxi = 0, y;) = wi,xAxi = I, Yi) = o.
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(7b)

Such an analysis will henceforth be referred to as Analysis II.
The boundary conditions (7a) and (7b) permit the first order solution to be written

as:

mTCX
u(n) = u(n)(y) cos--

I I 1 '

V(n) = v(n)(y) sin mTCX
I I 1 ' (8)

where u~n)(y), v~n)(y), w}n)(y) (with the mth harmonic) are initially unknown functions
defined by the modified method of the transition matrix. The restraint conditions on the
unloaded longitudinal edges of the adjacent plates are determined by applying the vari
ational principle. The system of the differential equilibrium equations (3) is solved by the
modified reduction method in which the state vector of the final edge is derived from the
state vector of the initial edge by numerical integration of the differential equations in the
y-direction using the Runge-Kutta formulae.

The assumed displacement field ensures compatibility of the corner displacements of
the constituent plates. Thus v = 0 at the ends, implying that the plates are restrained in
their plane at the ends. The point of major interest is that it can be employed to study the
effect on the postbuckling stiffness of enforcing the compatibility of the displacements in
the cross-sectional plane at the corners [for a more detailed analysis see the paper by
Sridharan and Graves-Smith (1981)].

The global buckling mode occurs at m = 1and the local modes at m > 1 (with bi « I).
Each buckling mode is normalized so that the maximum normal displacement is equal to
the thickness of the first constituent wall.

The adopted boundary conditions (7a) and (7b) require an introduction of new func
tions for the second order fields

b(nn) = 0 5(1 _ v) (u(nn) +v(nn»
1 • l,y l.x'

(9)

This enables one to bring the boundary conditions (7a) and (7b), respectively, to a
uniform condition by substituting

(10)

where:

$AS 30:19·8
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for Analysis I

dnn ) == c~nn) (y) = 0.5 { (/1'ipJ[( W~fi))2 + (V~fi)2] + v( U~~:))2~.

for Analysis II

(11 a)

(lIb)

Owing to the correction factor c~nn) introduced into (10), the additional longitudinal
compression caused by the influence of the first order displacement field upon the second
order approximation can be reduced to zero at both ends. The above factor allows one to
satisfy the boundary conditions (7a) and (7b), respectively, for the second order approxi
mation. The problem will be treated more extensively in the further part of this paper.

It is easy to notice that various boundary conditions (7a) and (7b) cause only different
values of the load carrying capacity for the second order approximation.

The functions defined by (9) and the correction factor (10), regarding the conditions:

(12)

enable one to bring the two first differential equations (3) in the second approximation to
the system of four nonhomogeneous differential equations relative to a~nn). b~nn). einfi ) and
d~nn). The equation (3c) remains unchanged.

Regarding the above, the system of differential equations (3) for the second approxi
mation may be written in the form:

for Analysis I

a~;n) +N",n) +AN~,(N",n) -d~~;»)/(I-v) = q2

(ei:~.n) - c~nn) - va~~~»/(1 + v) - (N";) +d~.~») = 0

(a~~,n) - ve,(",n»)/(1 + v) - (b~~~) - dj~~») = 0

DiVVW~nn) - Eh;/( I - v2)}.(u?x + vv?y)w~~;; = q3 ;

for Analysis II

a~.nvn) + b~~;) + AN?,(b~n,n) - d~~,n»)/(1- v) = q2

(ei:~.n) - va~.~n))1(I + v) - (b~~;) + d~';») = 0

(at;) - vel.",n l )1(1 + v) - (b~~~) - d~~~)) = 0

DSVw~nn) -Eh;/(I-V2)A(U?\+vv?v)w~~;; = q3:

where:

+ (n) (n) + (n) (n) +05(1 + ) (n) ,(n)
vUi,x Ui,yr Wi, x Wi,xx' V Wi,y \t 1,X.V

q2 = - (U~~)U~:~)) + 2vvj~;v~~~) + u~~Lvj~} + ut;vj.~;x

+ vv~~)d.~x + W~1W~.n,!) +0.5(1 + V)W~~;W~~}y

+O.5(I-v)w~~!wj~/,)

(I3a)

( 13b)
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q - Eh./(l- v2){u(n) win) + VV(n) wIn) + dn)wln)
3 -, I,XX I.X I,XY I,X ,oX '.xx

+ VV(n) Win) +V(n) Win) +VU(n) Win) +V(n) Win)
I.y '.xx l,yy I.)' I,xy t•.~ I.y I,yy

+ VU(n)W(n) + 0 5(1 - v) (U(n) Win) +V(n) wIn)
I,X I.YY' 'SY '.x '.xy '.x

+ U(n) Win) + V(n) Win) + 2u(n) WIn) + 2v(n) WIn) )}
I.Xy I.y '.xx I.Y I.y I,xy I.X I.xy •
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The easiness of satisfying the orthogonality conditions of the second order stress field
may be formulated as follows:

knx
dlnn

) = LDIf)(y) cos -,- ,

wlnn
).= L WI;nJ(y) sin k~X. (15)

It should be noted that the second order field expressed by these formulae fulfils, at
both ends of the structure, the condition

(16)

Ait), Blk!, CI;nJ, Dlr), W~t) are unknown functions that shall be determined by the
method of transition matrix as in the case of the first order approximation. The systems of
differential equations for the second approximation are solved by the same modified
reduction method; however, in this case the orthogonalization method by Bidermann
(1977) is applied.

Poisson's effect is, as in the case of the first approximation, neglected at both ends and
is taken into account inside the plate areas.

At the point where the load parameter A.s reaches its maximum value for the imperfect
structure (secondary bifurcation or limit points) the Jacobian of the nonlinear system of
equations (Byskov and Hutchinson, 1977):

at J}(= 1,2, ... ,lV (17)

is equal to zero.
Expressions for aijJ and bijkJ are given in the Appendix. The formulae for the post

buckling coefficients aijJ depend only on the buckling modes whereas coefficients bilkJ also
depend on the second order field.

The result of integration along x indicates that postbuckling coefficients aijJ are zero
when the sum of the wave numbers associated with the three modes (mi+mj+mk) is even,
while bijk/ coefficients are zero if (mi+mj+mk+m,) is odd.
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3. ANALYSIS OF RESULTS

A computer program was prepared in order to carry out numerical calculations of
dependencies presented above. High accuracy was ensured in the calculation of basic
quantities (four-five significant figures).

The numerical analysis concerning the second order fields in thin-walled structures
depends on coefficients

= (2Jllllm,+4fllllllll)/(2alll)./:IIlI) where n = 2,3. (18)

determining the nature of postbuckling behaviour for uncoupled local buckling modes as
functions of structural parameters and the influence of these coefficients upon equilibrium
branches and the load carrying capacity.

The accuracy of trigonometric series convergence was found to be sufficient for prac
tical purposes with up to 49 nonzero harmonics considered (k = 1,3.5, ... ,99). This
ensured obtaining the accuracy of the stress field below 0.1 % .

In all analysed cases the postbuckling coefficients h 2222 are positive. In most of them
h 3333 are positive unless it has been stated in the discussion of results.

In regard to "exact" continuity conditions at longitudinal sides of the structure for
({J,,i+ I i= 0 as early as in the first order approximation results in the appearance of nonzero
displacement components, namely u;n) i= 0, dill i= 0, Will) i= 0, hence in the scond order
approximation I nnnn is not equal to zero. If the simplified boundary conditions are adopted
for longitudinal sides, the above component is very often omitted.

The character of the second order field determining the postbuckling behaviour for
uncoupled local buckling modes varies. subject to the mode of the first order buckling in
question. The second order stresses are the sums of two components alnll

) = alt;') + a~~I,

where: a\n?) stands for stress corresponding to the first order displacements [this is caused
by a quadratic operator in geometrical relations D = II(U) +0.512 (U)). ajn~'l represents
stresses found on the basis of the second order displacement field [for more detailed analysis
see the paper by Kolakowski (1993)].

The orthogonality condition of the global and local first order modes relative to the
local second order modes implies that in the latter case amplitudes should be changed for
k = I and k = m, if m is an odd number of half-waves in the longitudinal direction. This
results from the adoption of series form (15) for the second order field and from the fact
that the summation is carried out for odd k values.

The largest contribution to the second order fields is made by harmonics for low values
of k (k = 1,3,5) and for ks close to 2m. Hence amplitude corrections at k = I and
k = m (where m = 3,5,7) [which is characteristic for example, of open-section columns.
compressed stiffened plates (Ali and Sridharan, 1988; Kolakowski, 1988, 1989a; Manevich,
1988; Krolak, 1990; Sridharan and Ali, 1986)] may lead to a significant change in the value
of hlllmn (n = 2,3) coefficients.

The second order field was determined along with coefficients corresponding to the
second order approximation hllllllll for various values of A (noted as }'p) ; then the limit load
capacity A.I was found as a function of;"I" Further it was analysed how imperfections affect
the load carrying capacity As.

When the load parameter i. comes close to the bifurcational value. the numerical
conditioning of the system ofequations (3) dependent on the determinant value approaching
zero becomes worse. Since the second order stress field was assumed to be in series form
(15) in order to avoid wrong numerical conditioning of equations, ),1' was taken as being
equal to the lower of the two values: the limit load capacity As(a.~) or )'m(a;) [as in the
paper by Ali and Sridharan (1988)]. The stability of results (load carrying capacity ).J
obtained for different ;'1' and for ;'1' = ;'s (when )IS < i.m, which is possible only by using the
method of successive approximations) was evaluated by the magnitude of mean relative
error that should not exceed 3%. In most analysed cases a slight influence was found of
the AI' value upon the postbuckling coefficients hmmll ·
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More detailed consideration should also be given to the correction factors Ginn)(y) (11a)
and Ginn) (11 b), respectively. The thorough analysis was carried out on an evenly compressed
square plate supported freely by its whole circumference, assuming that the longitudinal
unloaded edges satisfy the condition Ny = 0, and Nxy = O.

If the factor Ginn) has been omitted in the analysis for any cross-section of the plate, the
second order approximation gives an unbalanced force [that is, f N\n;) dy #- 0] and a post
buckling coefficient bill! = 1.0995. It is known from the literature [for example by Kloppel
et al. (1966)] that under such boundary conditions at longitudinal edges the value of this
coefficient is 0.23551. In the case of taking into account the correction factor (11a),
Ginn) (y), the obtained value of b III! was 0.2893, while in the case of a compressed plate strip
b lill = 0.248 for f3 = llb l = 3.0 and b lill = 0.2399 for f3 = 5.0. In the case of factor (11 b),
Ginn), the values of b IIII were 0.367; 0.272 and 0.254 for f3 = lib I = 1.0; 3.0 and 5.0,
respectively.

The detailed numerical calculations presented below were carried out for columns
whose cross-sectional geometry was analysed by Kolakowski (1989a).

3.1. Closed column
Geometrical dimensions of the cross-section of a thin-walled column subject to com

pression are presented in Fig. 2.
Table 1 presents nondimensional bifurcational stresses (linear problem) for a square

column whose geometrical dimensions are:

b l lb2 = 1.0, b3/b 2 = 1.0, h l lh 2 = 1.0, h3/h 2 = 1.0,

Ilb 2 = 67.39, b21h2 = 100.0, v = 0.3,

as well as the ratio of limit stress to the minimum value of bifurcational stress for the first
(1:d(1':., and second (1:21(1':. nonlinear approximations, considering the interaction of three
buckling modes (index n is 1 for the global mode, 2 for the primary local mode and 3 for
the secondary local mode having the same number of half-waves as the primary one) and

Fig. 2. Closed column geometry.

Table I. Load carrying capacity for the square column of the following cross
section dimensions:

b,/b, = b31b, = 1.0, h,lh, = h,lh, = 1.0, lib, = 67.39, b,lh, = 100.0

at imperfections IC;,/ = 1.0, Ic;,1 = 0.2, C;, = 0.0

Linear analysis Nonlinear analysis

Analysis I Analysis II
m O'f O'! O'! 0":,/(1: (J.~2/(J: (J.~2/a:

67 0.3614 0.3614 0.5199 0.7213 0.7433 0.7426
80 0.3614 0.3722 0.4904 0.7051 0.7258 0.7253
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Table 2. Load carrying capacity for the trapezoidal column ofthc following Cr(>SS'

section dimensions:

h,/h, = 0.5237. h,h, = 10474. 1I,;h, ~ 0.4651

h,'h, = 15814. /-'h:=46.095. h,;h:=8~Ui

at imperfections !';d = 10, I~:I ~ 0.2, ;, ~ 00

Linear analysis Nonlinear analySIS

Analysis I Analysis II
m ar (1~ a~ (J"~I.'rr: rr:~:'(J":' (J"*~ (J~,

54 0.5678 0.5659 1.1929 0.7654 0.8083 O.x:~6 '\
69 0.5678 0.5983 0.9578 0.7485 07625 0 77 56

the influence of numbers of half-waves m upon limit load capacity. the assumed imper
fections being 1~,1 = 1.0, 1~21 = 0.2, ~, = 0.0. At m = 80 the limit load capacity rrtc reaches
its minimum value for the assumed level of imperfections [for a more detailed analysis see:
Manevich (1982), Kolakowski (l987a, b, 1989a.c)]. The limit load capacity (J~> nearly
identical for Analysis I and 11, was obtained.

Table 2 shows similar calculation results obtained for a trapczoid-section column:

h l /h 2 = 0.5237, h)ih, = 1.0474, h,ih 2 = 0.4651. h,ih: = URI4,

Ilh 2 = 46.095, he/h, = 88.8, \' = 0.3

with identical imperfection values.
It should be noted that geometrical dimensions of the cross-section were selected so

that the moments of inertia of the section relative to central axes of inertia could be identical
(Kolakowski, 1989a, c).

In the case m = 69 a minimum value of the limit load is reached analogous to the case
of a two-fold axis of symmetry (m = 80, Table I). In both cases they are obtained regarding
the influence of imperfections and the number of m [see examples by Kolakowski (l987a. b.
1989a)].

The minimum value of (J~2 was obtained for Analysis I. As the values of the stress rrf
and o-! are nearly simultaneous (Tables 1 and 2) this type of behaviour could already be:
analysed in terms of the first order approximation.

In further numerical calculations the influence of numbers of half-waves 111 for assumed
imperfections on the load carrying capacity was neglected; this simplification is commonly
used in the studies known to the present author.

3.2. Open section columns
Geometrical dimensions of column under discussion arc shown in Fig. 3.
In thin-walled columns analysed by Ali and Sridharan (1988). with dimensions as

follows:

liz
. ="

I I I. h- ...! I I
_I I

~

Fig. 3. Open cross-section considered.
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Table 3. Load carrying capacity for open column of the following cross-section dimensions:

b,lb2 = 0.5, hdh2 = 1.0, Ilb 2 = 7.8, b21h2 = 50.0

at imperfections l';li = 1.0, 1';21 = 0.2, ';3 = 0.0
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Linear analysis Nonlinear analysis

Analysis I Analysis II
m uT u! u! a:1 a.~2 a:2

I 6 2.508(a) 1.051(s) 1.440(a) 0.851 0.856 1.756
2 6 3.696(s) 1.051 (s) 1.44O(a) 0.742 0.746 0.994
3 6 3.696(s) 1.051(s) 3.308(s) 0.728 0.731 0.919
4 8 2.508(a) 1.131(s) 1.374(a) 0.857 0.860 1.250
5 8 3.696(s) 1.131(s) 1.374(a) 0.762 0.767 0.982
6 8 3.696(s) 1,131(s) 2.513(s) 0.738 0.741 0.898

the ratio of the global stress value corresponding to the flexural-torsional buckling (the
primary global mode) to the stress value of the primary local mode 'is 2.385, wijile the ratio
of the stress of the global Euler mode (the secondary global mode) to the stress of the
primary local mode is 3.545 [in the paper by Ali and Sridharan (1988) these ratios are 2.63
and 4.22, respectively]. Thus taking into account the components: U~') -:1= 0, V~') -:1= 0,
w~l) -:1= 0 in the first order displacement field causes a decrease in the global stress values [see
Kolakowski (1993) for a more detailed analysis].

Table 3 presents nondimensional stresses 0":, the number of half-waves being m = 6
and m = 8, and the limit load capacity in the first and the second nonlinear approximations
(0":1 and a:z respectively) for Analysis I and II at the imperfections 1[t1 = 1.0, I[zl = 0.2,
[3 = 0.0 and for some possible combinations of buckling modes. Index n assumes the
following values: I-for the primary or secondary global buckling mode, 2-for the
primary local buckling mode, 3-for the secondary local buckling mode. The following
code has been used in Table 3 in order to identify the support conditions on the axis of the
symmetry of the cross-section: (a)-antisymmetry, (s)-symmetry, respectively for the nth
buckling mode.

The case m = 8 refers to the minimum value of the secondary local buckling mode.
A more detailed analysis concerning the selection of the buckling mode can be found

in papers by Pignataro and Luongo (1987) and Kolakowski (1989a).
The negative value of b3333 were obtained for cases 1, 2, 5, 6 as given by Analysis I

and for case 3 as given by Analysis II.
Thus, in the case of Analysis I, the behaviour of a column subject to compression can

sometimes be properly described already in the first order approximation.
The limit carrying capacity a:zis determined by an interaction of the more dangerous

secondary global (Euler's) buckling mode with two symmetric local modes, based on
Analysis I at m = 6 (case 3) and based on Analysis II at m = 8 (case 6).

Table 4 contains calculation results analogous to those from Table 3, with identical
imperfection values, but for a column with the following dimensions:

b1lbz = 0.3077, hdhz = 0.8, Ilb z = 5.0, bzlhz = 52.0, v = 0.3.

Table 4. Load carrying capacity for open column of the following cross-section dimensions:

b,lb2 = 0.3077, h,lh2 = 0.8, Ilb 2 = 5.0, b21h 2 = 52.0

at imperfections 1';.1 = 1.0, 1';21 = 0.2, ';3 = 0.0

Linear analysis Nonlinear analysis

Analysis I Analysis II
m uT u! ut a:1 U:2 0':2

1 5 2.474(s) 1.289(s) 2.737(a) 1.200 1.738 1.750
2 5 3.541(a) 1.289(s) 2.737(a) 1.121 1.408 1.747
3 5 2.474(s) 1.289(s) 3.828(s) 1.026 1.157 1.I85
4 8 2.474(s) 1.612(s) 2.267(a) 1.365 1.502 1.878
5 8 3.541 (a) 1.612(s) 2.267(a) 1.243 1.332 1.515
6 8 2.474(s) 1.612(s) 2.726(s) 1.055 1.089 1.110
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The primary global buckling mode refers to Euler's mode, while the secondary global
mode corresponds to the flexural-torsional one. Also in this case a good separation of
global modes from the primary local mode is present. Special attention must be paid to
the fact that the coefficients b 3313 are negative in all cases as given by Analysis I listed in
Table 4.

The interaction of the global mode with two local ones whose number of half-waves
was m = 8, was most dangerous based on Analysis I and n. Similar to the results presented
in Table 3, lower values of the limit load were obtained in the case of interaction of the
global Euler mode with two local symmetrical modes than in the case of the interaction of a
global flexural-torsional mode with local ones. These values do not exceed the dimensionless
stresses u:, in the case of the second nonlinear approximation.

Due to a good separation of the global modes from the minimum primary local mode
(Tables 3 and 4) this type of behaviour should be analysed in terms of the second order
approximation.

In reality, the second order approximation caused a decrease in the range of imper
fection sensitivity.

On the basis of the results obtained, one can conclude that the calculations should take
into account an interaction of three buckling modes: the global and the most dangerous
first and second local (having the same number of half-waves) modes as well as the
influence of the values of imperfections on the number of half-waves of the local buckling.
Attention should also be paid to the proper selection oflocal and global (the latter for open
columns) buckling modes. This can be accomplished only by means of nonlinear analysis.
The minimum values of load carrying capacity U~2 taking into account the second order
approximation were obtained for Analysis I.

4. CONCLUSIONS

The present paper deals with the analysis of the influence of boundary conditions at
the ends of structures on postbuckling behaviour of open- and closed-section thin-walled
structures, under compression.

An interaction of three buckling modes was considered in terms of the second order
approximation, having continuity conditions at the junctions of the plates.
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APPENDIX

The coefficients in the nonlinear equilibrium equations (17) aip and bilkl are given by the following expressions
[see Byskov and Hutchinson (1977) for a more detailed analysis]:

aip = [U(l) 'I,,(V('), VU)+2u(').I,,(VU), V(I)]/(2u(l) 'e(l) (AI)

bilkl = [U(l<J 'I,,(V(J), V(k)+U(iJ) '1,,(V(k), V(I)+U(l) '1,,(Vi<], V(Jk)

+ ui<] '/" (V(J), VUk) + 2u(') '/" (V(J), V(kl)]/(2u(J)· ell)~. (A2)


